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Abstract 
Prior work has shown that ice streams in West Antarctica are 
probably underlain by a layer of till 6 to 12 m thick. This till 
layer may be similiar to mobile drift found by Kamb (1979) on 
Blue Glacier in Washington State and by Boulton (1979) at 
Breidamerjokull in Iceland. This paper presents a preliminary 
model for flow of this till layer. The till is assumed to be 
linearly viscous with a calculated viscosity of 3Xl0**8 Pas. 
Flow is caused by shear stress from the ice above and by pressure 
differences. The thickness over time is tested by solving 
equations numerically using a time-centered finite-difference 
method. Results show that the till layer tends towards a constant 
thickness despite initial gradients in thickness. 
Introduction 
One of the major topics in glaciology is the nature of ice 
flow in the rapidly moving ice streams of West Antarctica (figure 
1). These ice streams, which are 'rivers' of ice that drain the 
West Antarctic ice sheet, flow towards the Ross ice shelf at 
velocities up to 850 m/a (Whillans,1986). It is believed that 
these ice streams play a crucial role in determining the 
stability of the West Antarctic ice sheet. Should the sheet be 
unstable, the resulting break-up could lead to a catastrophic 
rise in sea level. 
Host glaciers and ice streams move by a combination of 
movement along the bed and by deformation of the ice itself 
(Paterson,1981). In fast-moving ice streams, the majority of the 
movement is believed to occur along the bed (Paterson,1981). 
Generally, it has been assumed that the glacier slides over the 
bedrock with a film of water in between. Several mathematical 
models of this flow have been developed, although none are 
completely satisfactory (Weertman,1979). However, recent studies 
by Kamb (1978) on Blue Glacier in Washington State and by Boulton 
(1979) on Breidamerjokull in Iceland have led to another theory. 
This theory suggests that the till under a moving glacier may 
actively deform and account for a major proportion of the glacial 
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movement. Up to 80% of the total movement may be due to 
sub-glacial deformation (Boulton,1979). 
This is significant because it may explain the movement of 
the ice streams in West Antarctica. Calculations indicate that 
internal deformation alone cannot account for the observed 
velocities and some other mechanism is necessary. Recent seismic 
surveys (Blankenship et al.,1986) have shown that a layer of till 
up to 12 m thick lies under ice stream B. This till layer is 
thought to be actively deforming under drag stress from the ice 
above (Alley et al.,1986). Very little is known about the 
physical properties or behavior under stress of such a till layer 
and consequently the effect on the ice stream by a mobile till is 
uncertain. An accurate model of the till would aid greatly in 
understanding the flow of the ice streams and also in determining 
the stability of the West Antarctic ice sheet. 
Therefore, I have developed a model of the till layer. The 
major goal of the model is to identify what conditions are 
necessary to ensure stability over time of a deforming till 
layer. The till is assumed to be subject to shear stress and 
pressure from the overlying ice. The purpose is to determine 
whether the till layer will remain stable under the specified 
conditions of shear stress, pressure gradient, viscosity, and 
thickness over time. 
Methods 
The first step in the development of a model is to derive 
equations that will describe the behavior of the till layer. 
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These equations result from a consideration of the forces acting 
on the layer and from physical characteristics of the layer 
itself. 
The forces causing the till to deform must be detennined. To 
simplify the model, a two dimensional vertical plane parallel to 
the direction of flow is considered (figure 2). The horizontal 
coordinate is x and z is the vertical coordinate. The distanc
covered by the model in the x direction is 5 km, with the origin 
upstream. The two major forces driving the till derive from 
changes in pressure and shear stress from the moving ice. 
The pressure (P) on the till is equal to the weight of the 
ice above: 
la P • rgH 
where r is the density of the ice, g is the acceleration due to 
gravity, and His the thickness of the ice. Changes in the 
thickness of the ice over distance produces a pressure gradient 
dP/dx: 
lb dP • 
dx 
rg(Hl - H2) 
(xl - x2) 
in which Hl-H2 is the change in ice thickness over a change in 
distance (xl-x2). Values for these constants are known. If the 
change in elevation of the till bed is known, then the average 
potential (p) of the till would be used which includes pressure 
effects as well as the till elevation: 
le p • Rg(E + h/2) + rgH. 
where R is the density of the till, Eis the bed elevation above 
the lowest bed elevation, and his the till thickness. This 
allows for the flow of till due to gravity down a slope and 
could replace Pin equation lb, but this term is left out in this 
work. In effect the till is assumed not to change elevation. 
The till also flows as a response to shear stress from 
the ice above. The ice flows according to surface slope and that 
produces a shear stress Tat the base of the ice. It is assumed 
that the flow of the ice is plug flow, or the ice moves at a 
constant velocity at all depths so that measured surface 
velocities can be used at depth. It has also been shown (Whillans 
1986) that relatively little stress is absorbed at the sides or 
ends of the ice stream. Therefore, most of the driving stress is 
balanced by shear stress at the base of the glacier. Because the 
till layer is frozen to the base of the ice and is secure against 
bedrock (Boulton,1979) the shear stress must cause deformation in 
the till layer itself. Using the previous coordinate system and 
the definition of viscosity: 
2a T • m du 
dz. 
The shear stress is equal to the viscosity (m) times the gradient 
in till velocity (u) over the layer. If this were the only stress 
acting on the layer, then the velocity of the till would decrease 
linearly from U, the velocity of the ice at the top of the till, 
to Oat the base of the till, and the average velocity would be 
U/2. However, the pressure gradient can have an effect. 
To account for the flow due to the changes in pressure, the 
flow is assumed to be have a zero net force balance. This is not 
completely correct, but the rate of change is assumed to be 
small. This produces no change in total momentum. Therefore, the 
horizontal gradient dP/dx in pressure must be balanced by a 
vertical gradient in shear stress T. Shear stress acting in the 
y or z directon is taken to be zero. Pressure varies in the z 
direction, but the pressure is hydrostatic, so no motion occurs. 
This leads to: 
3a dT • dP 
dz dx 
Equation 2a and 3a can be combined. If the pressure gradient is 
now assumed constant over the distance covered in the model and 
represented by I. Now combine 2a and 3a to eliminate T: 
3b d{m du/dz)• I 
dz 
The viscosity is assumed constant and the equation is integrated, 
which leads to: 
Jc du• 1 lz + A 
dz m 
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Integrate again, 
3d u • 1 Iz**2 + Az + B 
2m 
The constants,A and B can be determined from boundary conditions. 
Boundary conditions 
z 
\ c E. u ~ 
z =h 
u=U 
Tl LL 
z:: 0 ~ U = 0 x 
BEDROCK 
At z = 0 the till is held by friction against the bedrock, sou= 
0. This implies implies that B • 0. Since u = U at z = h, we get: 
Solve for A 
3e U = 1 I h + Ah 
3f 
2in 
A• U - Ih 
h 2m 
Substitute into Jd 
3g u(z) • 1 Iz**2 - 1 Ihz + Uz 
2m 2m h 
3h u(z) • Uz + 1 I (z**2 - hz) 
h 2m 
If u(z) is integrated from the top of the till h to the bottom 
and multiply by 1/h, the result is the mean flow rate (u). 
4a 
h 
u • 1 ( u( z) dz 
h ) 
0 
Substitute Jg for u(z) 
4b 
~ ~ h 
u • .!_ ( Uz dz + .!_ ( -.!_ Izh + _! ( .!. Iz 
h) h h ) 2m h) 2m 
C O O 
u • U - h I+ 1 I h**2 
2 4m 6m 
4c u • U - h**2 I 
2 12m 
This now gives the mean velocity of the till as a function of the 
ice velocity U, potential gradient I, till thickness h, and 
viscosity. All of these quantities are known or can be specified. 
A value for the viscosity is obtained by differentiating 
equation Jg with respect to z. 
Sa du• U + 1(2z-h) 
dz h 2m 
Substitute from equation 2: 
Sb T • U + 1(2z - h) 
m h 2m 
Let z •hat the top of the till,and T • T0 and rearrange terms. 
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Sc 
Solve form. 
5d 
TJ'l • Um + Ih 
2 
m • T0 - _! h 
2 U 
This gives a value for the viscosity of the till. 
The purpose of this model is to determine the stability over 
time of the till. This requires relating the thickness of the 
till to the velocity and for this the concept of continuity of 
flow is used. 
Continuity describes conservation of mass and volume (if the 
density is invariant). It relates the thickness of the layer to 
the change in flow. The thickness of a layer is proportional to 
the ratio of the flow in to the flow out. 
Ax 
If the flow in (ulhy) is greater than the flow out (u2hy) 
then the block must increase in volume. 
Divide by AX 
Take the limit as Ax ~ 0 
bX y dh =u2hy - ulhy 
dt 
db= u2h - ulh 
dt AX 
db• -d(hu) 
dt dx 
This gives the time-rate of till thickness change as a function 
of hand u. As the till erodes the bedrock, more mass will be 
added and h will increase. Therefore, erosion rate (e) is added. 
db• - d(hu) + e 
6 dt dx 
In all calculations e is set to zero. 
Velocity of the till is known from 4c, so combining 6 and 4c: 
7a db • -d [ hU - h**3 I] 
d t dx 2 12m 
+ e 
Now the till height is expressed in terms of pressure gradient, 
present thickness, ice velocity, and erosion rate. It must be 
solved, either analytically or numerically. An analytic solution 
could not be found except for special cases so a numerical 
solution is used. 
The Crank-Nicholson method is used.This involves solving 
the equation along a grid of points i, ••••• i., along the x axis and 
for time intervals of t,t' ,t''. 
t"' 
t" 
t' 
+ 
'• i.-, 
db is expessed ash'- h where h' is the till thickness one time 
step ahead, so the left hand side of equation 7a can be written: 
h' - h 
At 
The right hand side is approximated by averaging the change 
between i+l and i-1 over 2 x. Averages are taken over a time 
step. 
h' -h • 1 ~ 12m J 2 12m J -t [ 2 12m 2 12m 
[~
~-(~)fl - [~-(~)I]) (rh U-illI -[~-~ 
--t- 2 2Ax 2~x 
+e 
This approximates the value at i,h. Since only the values at t 
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are known, the h' must be factored out. 
h'-__! ~·u-(h' )I\- lh'U-(h')I~ • _! ~U-(h )1\-lhU-(h' )1\l+h+e 8~~ 12m'J ~ 12mj a~xb 12m~ \ 12m-~ 
It is impossible to factor h'· k(h')**3 where k is a constant. 
Therefore, (h' )**3 is approximated by (h)**2 h'. This results in 
a weighted time average closer to h than h'. 
Right side:__! l7h U - (h )I\ - (h U - (h )I\l + h + e 
a~xL\ 12m J 12m ·)J 
Left side: h' - s:x[t -(~2~I) h' - ~ - (~2~I)hj 
A solution of this equation must be made at every ion the x axis 
except at the ends. If his specified for every ~ •••••• i~at time 
• t anf for the initial i and last i fort' ••••• tN, all h' ••••• hM 
can be solved for. The easiest way to solve this set of 
equations is with a matrix • 
B c 0 • • • • • • • • • 0 D 
A B c ••••••••• 0 
A B c ••••••••• 0 x 
0 
0 • • ••• • • • • • • • • A B D 
The h'are unknown but the A,B,C and Dare known coefficients 
from 8 c. If the D matrix is mutiplied by the inverse of the 
A,B,C matrix, the h'values can be obtained. These h' are the new 
values for the till at the next time step. 
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Results 
The model is tested by keeping the thickness of the till 
constant with an erosion rate of zero. This provides a constant 
flow of till at all points and no secular change in thickness 
occurs. 
Variations on these runs with constant thickness can be used 
to determine the relative effects of pressure gradient and drag 
stress on the till. Considering traction alone, with the 
pressure gradient set at zero, the average velocity of the till 
is one half the ice velocity, as expected from the assumed linear 
viscous nature of the till and from the boundary conditions. If 
the specified presure gradient,(90 N/m ), is included, the 
' velocity of the till increases by 27% for a viscosity of lXlO Pa 
S. This shows that the pressure gradient does cause some flow 
although not as much as the shear stress. 
Since the flow due to the pressure gradient varies inversely 
with the viscosity, the component of flow due to the pressure 
flow is insignificant ( less than 31.) at viscosities greater 
than lXlo' Pas. 
The effect of perturbations in the till is then tested. A 
sine function simulates a local 1 m thickening and 1 m thinning 
of the till in the middle 2 km (figure 3). The perturbation 
travels downstream at a rate of 360 m/a and increases in 
amplitude by .5 m. 
The increase in amplitude is due to the relationship between 
the velocity and thickness of the till. The till moves faster 
where thick and slower when thin. This causes a build-up of the 
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till to occur when a section of faster moving till overruns a 
section of slower moving till. 
This increase in amplitude may not be completely realistic, 
as there are several feedback effects that are not included in 
this model. For example, a thickening of the till requires that 
the ice above be lifted with a corresponding sinking of the ice 
where the till thins. The stiffness of the ice would tend to 
dampen any rapid fluctuations in the thickness of the till. 
Another feedback effect is that the the shear stress on the till 
and the viscosity of the till are dependent on the till 
thickness. Furthermore, the elevation of the till is changed and 
that can lead to amplitude reduction. These processes may be 
diffusive and act to decrease the till thickness. 
Conclusions 
Modelling of the till as a linear-viscous layer driven by 
traction from the ice above and pressure gradients show that the 
traction from the ice is the dominant force in causing the till 
to flow. Experiments with perturbations show that instbilities 
develop such that the wavelength decreases as the amplitude 
increases over time. These results may have been associated with 
sinplification of the model. For a first model the results are 
valuable, as they show that instabilities in the till layer must 
be considered more carefully and that pressure gradients can be 
potentially important as a driving force. 
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If((J/50.) .EQ. (INT(J/50)))TH£t. 
91 • wRITE (&,50) 
92. 50 f~Rl-H T ( '1 1 , 'THlCKNf:.SS JF TILL'//) 
93. wf.IlE (f>,60) {ti (1) ,I=l ,INXS) 
9~. 60 t'CJHMAT ('1 ',5(2X,D12.7)) 
9q.1 ENDlf 
9ti.5 1 D CONTHUE 
95. STOP 
96. i:.N D 
97. I* 
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Figure l~. Map of Antarctica with ice stream area shaded 
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